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Abstract. Given a purely contractive matrix-valued analytic function on the unit disc D, we 
study the W(n)-parameter family of unitary perturbations of the operator Zq of multiplication by 
z in the Hilbert space Lq of n— component vector-valued functions on the unit circle T which are 

C _ 3 ■ square integrable with respect to the matrix-valued measure r2@ determined uniquely by and 

^Nj ' the matrix-valued Herglotz representation theorem. 

In the case where is an extreme point of the unit ball of bounded Mn-valued functions we 
^ , verify that the W(ra)-parameter family of unitary perturbations of Zq is unitarily equivalent to a 

W(n)-parameter family of unitary perturbations of Xq, the restriction of the backwards shift in 

QQ ' i?^(D), the Hardy space of C" valued functions on the unit disc, to Kq, the de Branges-Rovnyak 

space constructed using 0. These perturbations are higher dimensional analogues of the unitary 
perturbations introduced by D.N. Clark in the case where is a scalar-valued (n = 1) inner 
function, and studied by E. Fricain in the case where is scalar-valued and an extreme point of 

^' the unit ballot //""(D). 

A matrix-valued disintegration theorem for the Aleksandrov-Clark measures associated with 
matrix- valued contractive analytic functions is obtained as a consequence of the Weyl integration 
r^ ■ formula for U{n) applied to the family of unitary perturbations of Zq. This disintegration formula 

generalizes a recent result of S. Elliott to arbitrary matrix- valued contractive analytic functions. 
Following results of Clark and Fricain in the scalar case, a necessary and sufficient condition on 
for K^ to contain a total orthogonal set of point evaluation or reproducing kernel vectors is 
provided. 
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k> , 1. Introduction 

C^ I Let 6 be an IM„-valued contractive analytic function on D, the unit disc in the complex plane C. 

Here If1„ denotes the n x n matrices with entries in C. Recall cf. [H Proposition V.2.1], that Q can 
be block-diagonalized as 6 = Gq ® 0i where Qq is a unitary constant and Qi is purely contractive, 
i.e. II 81 (0)11 < 1. We will assume throughout that 8 is purely contractive. For such a function 
it follows easily that ||8(2;)|| < 1 for all z e D. Recall that the function 8 is said to be inner if 
8(C), C G T, is unitary a.e. with respect to Lebesgue measure on the unit circle T (here 8(C) is the 
non-tangential limit of 8(z) for z approaching C non-tangentially in D). 



Given any A e (IH„)i, the closed unit ball of IM„, let 8^ := QA* and define 

nn n f^ l + e{z)A* 

(1-1) ^^-^^^^- l-8(z)A* - 

1 
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This is clearly analytic on D since ||^|| < 1 and ||0(z)|| < 1 for all z G D. It is straightforward to 
calculate that 

(1.2) Re(i3e.W) := i(i?e.(z) + i?e,. W*) = il-e{z)A*)-\l-e{z)A*AQ{zr){l-Ae(zrr\ 

This is clearly positive so that by the matrix- valued Herglotz theorem [21 Theorem 3], it follows 
that for each such A there is a unique positive IM„ valued measure iloyi on T such that 

(1.3) Re(i3e,(z))=Re(^j^^r!e,(dC) 

The imaginary part of Bq^ (z) is 
(1.4) 

ImiBeAz)) := ^(Be.(^) + Se.(^)*) = -*(1 - eiz)A*)-\e{z)A* - ^e(^)*)(l - Ae(z)*)^i. 
It is then straightforward to calculate that 

(1.5) Be^ (z) - / ^^e^ (dC) + «Ini (Be., (0)) . 

In the case where A is unitary, the measures ^^Sa ^^^ the matrix-valued Aleksandrov-Clark 
measures introduced in [2]. In the case where 8 is a scalar- valued and A Q J, these are the usual 
Aleksandrov-Clark measures, first introduced in [3], and studied since by many authors. We will 
sometimes write flA and Ba in place of rie^ ^-nd Bq^^ respectively when there is no chance of 
confusion. 

Given a contractive analytic function 8, let Lq{J) or simply L|, denote the Hilbert space of 
C"-valued functions on T which are square integrable with respect to the matrix-valued measure 
flQ :— i^Oi,,- Explicitly, let {ei}'^^^, n = rank(6) be a fixed orthonormal basis for C", fl0{I)ij 
the matrix entries of ile{I) with respect to this basis (/ C T is some fixed Borel set). The Hilbert 
space Lq contains a copy of C". It will be convenient to denote the embedding of C" into Lq by 
Vn- Let b^ :— VnCi, the b^ are the constant functions 67(C) — ^ii C ^ T. Elements f,g G Lq, will 
be viewed as column vectors of functions with entries fi{Q := (/(C)i 6j-^(C)): where (•, •) denotes the 
inner product in C". Then the inner product in Lq is given by the formula 



(1-6) (/,5)e ■■= / i^eidOf (0,9(0) = l^ / ff.(C)^e(dC).,/,(C)- 

Let Zq denote the operator of multiplication by the independent variable C in this space. Let 
£>+ :— C{6^}"^j, the subspace spanned by the vectors 6^(C) := l/C^i~(C)- Here C{6^} denotes the 
linear span of the set {bf}. Then let S)_ := Ze35+ = C{&~}. Let P± denote the projectors onto 

In what follows, we assume that 8(0) =0 so that 51e(T) — In and the b^ are orthonormal basis 
vectors for 2)±. Given any A € (IM„)i, we will identify A with the operator A G B{Lq) defined by 

/ K 

(1-7) i:= ^(•,fer)eA,,6T^ ((.,6-)e, ...,(., 6-)e) A : 

V K 

We will identify A with A and simply write A for A from now on. For each such A define Zq(A) :— 
Zq + P_{A — l„)P_Ze, a perturbation of Zq. To simplify notation, we will sometimes write 
Z(A) in place of Zq(A) when the choice of 8 is clear. If A S U{n) then Zq(A) is unitary, and 
Ze(l) = Zq. Here L{(n) denotes the group of unitary n x n matrices. The family of unitary 
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operators Zq{U); U S h({n) can be seen as the family of unitary extensions of the simple isometric 
linear transformation Z'q := Zq{0)\j^2 q^ This will be discussed in greater detail in Section [Sj 

This paper will now proceed as follows. Consider Ae(t/)(-^) ■= Xi{Ze{U)), where U G U{n), 
/ is a Borel subset of T, xi is the characteristic function of / C T, and xii^eiU)) is a spectral 
projection defined using the Borel functional calculus for the unitary operator Zq{U). In the next 
section we will prove that V,q^{I) — [{V,Q^)ij{I)] — [{AQ(^u-){I)b~ ,bj)e]. With this identification 
and a straightforward application of the Weyl integration formula for the Lie group U{n) a matrix- 
version of Aleksandrov's disintegration theorem for arbitrary IM„-valued purely contractive analytic 
functions on D satisfying 9(0) = will be established. This will extend the main result of Elliott [H 
Theorem 15] which establishes the disintegration theorem for Q which are the product of a scalar 
function in (7f°°(D))i with an inner matrix function satisfying 9(0) = 0. 

In Section[31 the Cauchy integral representation for the de Branges-Rovnyak space Kq, associated 
with 9 as presented in [4j Chapter III], is adapted to the case where 9 is IM„-valued (we refer the 
reader to this section for the formal definition of Kq). In direct analogy with the scalar case it is 
shown that there is a unitary transformation Vq of Hq, the closure of the polynomials in Lq onto 
the de Branges-Rovnyak space Kq which takes Zq onto a rank n perturbation of Xq := S*\j(2 , 
the restriction of the backwards shift 5** to Kq. We will then verify that, as in the case where 9 is 
scalar, Hq = Lq if and only if 9 is an extreme point of the unit ball of H^ (D), the Hardy space 
of IM„-valued analytic functions on D whose supremum norms on circles of radius < r < 1 are 
uniformly bounded. We will further check that 9 is an extreme point if and only if the trace of 
ln(l— 19|) fails to be Lcbesgue integrable on T. In the case that 9 is an extreme point of (i?^ (1-'))i i 
the open unit ball of H^ (D) and 9(0) = 0, it will be verified that the image of Ze{0)* under the 
unitary transformation Vq is Xq, and that the image of the family of unitary perturbations Zq{U)* 
under this transformation is a U{n) family of unitary perturbations of the restricted backwards shift 
Xq. In the case where n — 1, this family is the U{1) family of unitary perturbations introduced by 
D.N. Clark in 3 for 9 inner. 

Given 9 £ \H^ i^)\ ^^"^ z,w G D, consider the reproducing kernel matrix function Au,(z) := 

^~~l^_l. ^^' . Then for any x £ C", (5f := A^x belongs to Kq and is such that for any / e Kq, 

{f:^z)Q = if{^):^)- Here (•,-)e denotes the inner product in Kq. We call the functions 5^ the 
reproducing kernel functions or the point evaluation functions at the point z e D. When 9 is 
scalar valued, [5] (see also [3] for the inner case) provides necessary and sufficient conditions on 9 
for Kq to have a total orthogonal set of point evaluation functions. In Section 4, it is shown that 
these results have a direct and straightforward generalization to the case where 9 is matrix valued, 
and the spectrum of the unitary perturbations Zq{U) are calculated. In the process of achieving 
this, the analogues of several results on Caratheodory angular derivatives for contractive analytic 
functions on D as presented in [H Chapter VI] are verified for matrix- valued 9. 

Finally in Section [S] we consider the isometric linear transformation Z'q := Zq(0)\'p±. This is 
a simple isometric linear transformation with deficiency indices (n, n) and Lifschitz characteristic 
function equal to 9 '6^. Let fi{z) := |^; ^ : U — )■ D where U denotes the open upper half- 
plane. Then ^^^{z) — ijz^- Using the theory of Lifschitz we determine when the inverse Cayley 
transform H^^{Zq) of Z'q is a densely defined symmetric operator. If 9 is inner, the canonical 
unitary transformation that takes Lq = Hq to K^ where <& := Qofj, is a contractive analytic function 
on V and K^ = 7J^((U)G<I'i/,^(y), maps /^~^(Zq) onto M$, the symmetric operator of multiplication 
by z in K^. We verify that, as in the scalar (n=l) case, K^ has a Z-/(n)-parameter family of total 
orthogonal sets of point evaluation vectors {<5^ v[7^}jGZ: ueu{n), such that the sequences {Xj{U)) C IR 
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have no finite accumulation point (It will be shown in Section 2] that (Aj(C/))jgz is necessarily a 
sequence of real values) if and only if Q is analytic on some open neighbourhood of any given 
a; e R. Here K^ C H^iV) C L'^i{R), where L^(IR) is the Hilbert space of C" valued functions on 
IR which are square integrable with respect to Lebesgue measure. This provides a class of vector- 
valued reproducing kernel Hilbert spaces of functions on R which have total orthogonal sets of point 
evaluation vectors. 

Such reproducing kernel Hilbert spaces have the special property that their elements are perfectly 
reconstructible from the values they take on certain discrete sets of points. Indeed, suppose that H 
is a RKHS of C"-valued functions on a set X C C, i.e. for any y S C" and any x G X, the linear 
functional which evaluates an element / e H at a; and takes its inner product with y is bounded. 
By the Riesz representation theorem, for each y G C" and x G X, there is then a 'point evaluation 
vector' Sf G v. such that {f,5%) — {f{x),y). Here (•,•) is the inner product on H and (•,•) is, as 
before, the inner product in C". If Ti. has a total orthogonal set of point evaluation vectors {Sx]}, 
then it follows that for any f G H, 

(1-8) / = E(/''5§)^iT^=E(/(^.)'27,-)' 



mv , ' (4(-.),y.) 



This shows that any element / e "H can be perfectly reconstructed from the values {(/(xj), j/j)}, 
the C"-inner products of its values taken on the set of points {xj] C X with the vectors y} € C". 



2. The Matrix- valued Aleksandrov disintegration theorem 
Throughout this section we will assume that 0(0) = 0. 

2.1. Identification of the matrix-valued Aleksandrov-Clark measures. The purpose of this 
subsection is to establish two key facts needed for the proof of the disintegration theorem. First it 
will be shown that the Aleksandrov-Clark measures ^q^j associated with 8 and unitary U £ U{n) 
are such that {^Q,j{I))ij = (x7(Ze(?7))6^, 6^)e where 6^(2;) = i/zb~ for z & J, and 6~ are the 
constant co-ordinate functions. Recall here that xi is the characteristic function of the Borel subset 
/ C T. In fact, we will establish something stronger than this. Given any A e (IM„)i the operator 
Zq(A) is a completely non- unitary contraction since if ||A|| < 1, any unitary restriction of Zq{A) 
would have to be a unitary restriction of Zq to a subspace orthogonal to S)+ = C{l/zb~}. This 
is not possible. If Zq has a unitary restriction to a subspace S which is orthogonal to S)+, then S 
is reducing for Zq and ZqS = S for all fc S Z. Since Zq is unitary it would then follow that S is 
orthogonal to Vfeez{-^'^^i~}?=i which is dense in Lq so that S = {0}. Let Ua acting on ICa 3 Lq 
be the minimal unitary dilation of Zq{A), and let Pa be the orthogonal projection of K-a onto Lq. 
We will show that the positive matrix-valued measure A^(/) :— PaXi{Ua)Pa, I G Bor(T) is such 
that A^(/)ij — {AA{I)ei,ej) — {fl0^{T)bf ,b'j')Q. Here Bor(T) denotes the Borel subsets of T. 

Secondly we will show that fto — m where m denotes IM„-valued normalized Lebesgue measure 
on T, i.e. m{I)ij = ^{I)dij, and fi is normalized Lebesgue measure on T, and 6ij is the Kronecker 
delta. 

To identify the matrix valued Aleksandrov-Clark measures i^e^ with the spectral measures as- 
sociated with the perturbations Zq{A), for any A e (IM„)i, we will apply the following Proposition 
taken from [31 Proposition 14]. Although the statement of the proposition in [2] assumes that A is 
unitary, the proof for general A is identical. 
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Proposition 2.1.1. (S. Elliott) Let O : D ^ M„ be analytic and purely contractive with G(0) = 0. 
Then for any A G (Irt„)i, 

r r ELi/Tr"(^e(cr)Mdc) n>i 

(2-1) c^eAdO = { EL"ii/TC"(e(CM*)MrfC) n<-l 

Proposition 2.1.2. Let Q G (i?^ (D)) be a purely contractive analytic function with 0(0) = 0. 
Then {fl0^{-)ei,ej) — (A^(-)6~, 6~)e where Aa is the positive (Hn-ua/zterf measure associated with 
Ze{A). 



2.1.3. Notation. Here (ei)f^]^ will be an orthonormal basis of C" that is fixed throughout this paper. 
As in the introduction y„ : C" — >■ Lq is an isometry defined by VnCi = b~ , where the b~ form an 
orthonormal basis for D_, the copy of C" in Lq. The above proposition can be stated more 
succinctly as V*P-AAP-Vn = fle^. 

Recall that ii A = U is unitary then Au{I) = x/(^e(^)) is a projection for any / C Bor(T), 
the Borel subsets of T. To simplify the presentation of the proof, we first establish a few lemmas. 
Consider the power series for 8, Q{z) := EfeLi CfeZ*^, Ck G IM„ (recall we assume that 6(0) = 0). Let 
lj{A) denote the j*^ coefficient in the power series of Efc=i(®('^)^*)'^ ~- *^(-^)' ^^-^ observe that by 
Proposition HXl lj{A) = J^z-^e^idz), and that 1^(1) = V;*P_Zq^P_K since {ZQ^b~,bJ)e = 
Jj C-'i^e{dC)e^,e,) = (/j(l)e„ ej) for all j G N U {0}. 

Lemma 2.1.4. The coefficients IkiA) obey the recurrence relations lk{A) = CkA*+'^-^ CjA*lk~j{A) 
CkA*+J2^rll^(A)ck-jA*. 

Proof. By definition Ck is the k^^ coefficient of 6(z) and hiA) is the fc*^ coefficient of Q{z)A* + 
... + {Q{z)A*)'^. Let Tk denote the linear functional which picks out the k^^ coefficient of a power 
series. Then clearly 

ik{A) = ckA* + rk[{e{z)A*f + ... + {e{z)A*)''] 
(2.2) = ckA* + rk[{e{z)A*){e{z)A* + ... + ie{z)A*)''-% 

Let bj denote the coefficients in the power series of $(2) := Q{z)A* + ... + {<d{z)A*)''^^ . Since 
0(0) = = Co, it is easy to see that bj ~ ij{A) for all 1 < j < fc — 1. Hence it follows 
that rk[e{z)A*^z)] = ciA*lk^i{A) + c2A*lk-2{A) + ... + Ck-iA*h{A) = J^'^r^ CjA*lk-j{A). 
Also since e{z)A* commutes with $(z) it follows that Tk[Q{z)A*<P{z)] = Tk['^{z)e{z)A*] = 

E ■=! h-M)cjA* = E ■=! iM)ck-jA*. a 

The following combinatorial fact will be needed: 

Lemma 2.1.5. Let (a^), (bi), and (ci), i = l,...,n be arbitrary sequences of (in general non- 
commuting) variables. Then the sum E"=a Ei'^i o-ibjCn-i-j is a rearrangement of the sum 

En — 1 ^-\i — 1 7 
j-1 2^j^iajOi-jCn-i. 

The above lemma can be established with a straightforward proof by induction. We omit the 
proof. Let Ij := lj{l). 
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Lemma 2.1.6. The Ij andlj{A) obey the recurrence relation 

fc-i 

(2.3) lk{A) = hA* + Y, hi^W - t]lk-M)- 

Proof. For convenience, let g„ :— ln{A) for the remainder of the proof. By Lemma |2.1.4[ we have 
that 

n— 1 n— 1 

(2.4) q„ = CnA* + ^ c^A*qn-i and c„ = ?„ - ^ kcn^i- 

4=1 i=l 

Substituting the second equation into the first yields 

n — 1 / n — 1 n — 1 i — 1 

(2.5) qn = Hi^ + / ^ 'i^ ^n— i ^ I / ^ 'iCn-iA + y ^ / ^ IjCi-jA Qn-i 

i—1 \ 2=1 2=1 j — 1 

To prove the lemma, we need to show that 

n— 1 n— 1 n— 1 i— 1 

2 = 1 2=1 2=1 j = l 

Substituting equation (12.41) into the left hand side of this expression gives: 

n— 1 / n— 2— 1 \ n— 1 / 2 — 1 

(2.7) / ^ H I C„_iyl + / ^ CjA Qn-i—j I = / ^ I 'iCri-iA + / ^ IjCj—jA Qn- 

2=1 \ i=l / 2=1 \ j = l 

Canceling like terms and applying the identity from Lemma 12.1.51 proves the claim. D 

Proof. (Proposition [2X11) 

Proposition l2 . 1 . l] shows that lj{A) = Jj'z^ilQ^{dz) for all j e N. Hence to prove this proposition, 
it sufiices to show that 4- := V*P-Z{A)-''P^Vn = fjzW.*P-AAidz)P^Vn = hiA) for ah A: e N. 
The fact that dk = lk{A) for k E — N will follow from taking adjoints, and since 8(0) = 0, it follows 
that rieCD") = 1 so that do = In = ^o(^)- Thus if we can prove that dk = lk{A) for all fc G N, then 
all moments of the measures V*P-AAP-Vn and J^Oa agree so that they must be equal. 

This will be accomplished by proving that the dk obey the same recurrence formula as the IkiA) 
given in the previous lemma. For simplicity identify the standard basis {ei} of C" with the basis 

{b~} of D_ C L%, and let P := P_ so that wc can write V;*P_ {Z{Ayf P^V„ as P{Z{A)*fp. 
The calculation proceeds as follows 

PiziAyfp = p{z-^ + Z-^P{A* -l)P){Z-^ + Z-^P(A* -t)P)''~^ P 

= PZ-'P{A* ~ t)P {Z-^ + Z-^P{A'' - \)pf~^ P + PZ-^ (Z~^ + Z~^P{A* - \)Pf~^ P 
= hiA* - l)dk-i + PZ-' {Z-^ + Z-^P{A* - 1)P) [Z-^ + Z-^PiA* - l)Pf''^ P 
= h{A' - t)dk-i + PZ''^P{A'' - 1)P{Z'^ + Z'^P{A* - l)Pf''^P 

+PZ'^{Z''^ + Z'^P{A' - l)Pf''^P 
= h{A* ~ l)dfc_i + HA* - l)dfc_2 + ... + Ih-x'yA* - l)di 
^^^_(fc_i) j.^_i ^ 2-^P(A* - 1)P) P 
fc-i 
(2.8) = 4A*+^Z,(A*-l)dfc_,. 

j=i 
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This is the same formula as in Lemma 12.1.61 We conchide that d^ = lk{A)i and hence that 
^Oa = Aa- □ 

2.2. The Weyl integral formula and proof of the disintegration theorem. Let T be a 

contraction on a separable Hilbcrt space H. The defect operators Dt, Dt* are defined by D-r := 
•\/l — T*T, the defect subspaces 1)t,^t-' by J)t := Ran(Z?T) and the defect indices by dr '■— 
dim(S)T). We say a contraction T has defect indices {n,n) ii dr — n — dr* ■ Let Pt denote the 
projection onto 'St- Then Tq :— T — TPt is a partial isometry with kernel 1)t and with range the 
orthogonal complement of St- ■ 

The Nagy-Foias characteristic function of a contraction T is defined as 



(2.9) QT{z)^{-T + zDT'{t-zT*)~^Dj 



ISi 



and is a contractive analytic function with domain St and range St* ■ Two contractions T, T' are 
unitarily equivalent if and only if their characteristic functions coincide, i.e. if and only if there 
are isometrics U,V such that UQt — Qt'V . It is straightforward to check that T is a partial 
isometry if and only if 0^(0) = 0. It follows that if T is a contraction with defect indices {n,n), 
then 0T'o(O) — 0. In Section [573] we will show that given any partial isometry V with defect indices 
(n, n), that Qy coincides with Qze (o) so that V is unitarily equivalent to Zq^IO). It will follow 
that any contraction T with defect indices (n, n) is unitarily equivalent to some extension of the 
partial isometry Ze,, (0). 

Given T and Tg, let S+ := St and 2)_ := St*, and let {'tp^}"^i, {V'i~} be orthonormal bases 
for S±. Fix an isometry W of S+ onto S^ by Wipl' = "0". Now define for any U G U{n), 
T{U) :— To + WU, where U : S+ — > 25+ is the bijective isometry defined by 

(2.10) ((•,V+),...,(.,V+))[C/d| : \ = Y.^^^(-^'f't)i^t- 

If T = Ze, this notation agrees with that of the previous section if we choose ij^f = 6^ and 

Now any U € U{n) can be written a.s U — V*DV where V € U{n) and _D G T", i.e. D = 
diag(zi, ..., Zn) with z^ S T. Hence C/ij = J2k ^kVkiVkj and we can write 

n 

(2.11) ^ = I] ZfeT^Vfej(-, V+)V'+ =: 21^1 + Z2R2 + ... + ZnRn, 

ijk^l 

and 

(2.12) T{U) = Ro + ziRi + ...ZnRn- 

Here i?o := ^(0) = To and for z > 1 the Ri are all finite rank operators depending on V and not on 
D, i.e. the i?„ = i?„(y) are independent of the Zi S T. 

Hence for any polynomial p{z) — X]fe=oPfe'^'°' ^^ follows that 

fc 

(2.13) p(T(C/))=p(T(F*W))= ^ zl\..zlrA,_,AV), 

ii,...,in—Q 

where the coefficient operators Ai^^___^i^{V) depend only on V^ and so are constant if V is fixed. 
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Weyl's integration formula for U{n) (see e.g [7]) states that if H is Haar measure on U{n), T" 
denotes the subgroup of diagonal unitary matrices, G := U{n)/J''^, and Hq Haar measure on G 
then: 

Theorem 2.2.1. (Weyl Integration Formula) Iff is a continuous function onlA{n), then, 



(2.14) 



U(n) 



f[U)dH(U) - - 



f[VDV*)/:^[D)A{D)dD\dHG{Vl''). 



In the above if _D = diag(zi, ...2:„) then dD := dzi...dzn, and A(Z)) := n7"<fc('^i 
following fact is a straightforward consequence of Weyl's integration formula 



Zk). The 



Proposition 2.2.2. If T is a completely non-unitary contraction with defect indices {n,n), and 
f = Ti + g for h,g e H°°{J), then 



(2.15) 



f{T{U))dH{U) = /(T(0)). 



W(ri 



Here if /i S H°°, and T is a completely non-unitary contraction, then h{T) is defined as h*{T*), 
where h*{z) = h(f) S H°°. 

Proof. It suffices to establish the formula in the case where / = p is a polynomial. The more 
general formula follows by taking adjoints, and limits with the aid of the H°° functional calculus 
for completely non unitary contractions (see e.g. [T]). For fixed V G U{n), equation (j2.13p implies 
that 



(2.16) 



p{T{U)) = piT{0)) + Y,z{\..zlrA,_,,^iV), 



where the prime denotes that the sum is taken over all values of the ii, ...in where at least one of 
the ij;l < j < n is non-zero. 

By Weyl's integration formula, 
(2.17) 

/ 
/ piTiU))dH{U)=p{Tm+J2A.,^.....„ f f ... f z\\.. 

JU(n) JG \ J J Jl 

Hence, to prove the proposition, it suffices to show that provided at least one of the ?i,...,i„ is 
non-zero, that 

2 



]<k 



dzi...dzn dHaiVr). 



(2.18) 



= 



Y[izj-Zk) 
j<k 



dzi...dzn. 



This is straightforward to show. If one expands out 



U.<ki^-3 ^ Zk) 



one obtains a sum of terms of 



the form z^^ ..-z-j" where ji +J2 + ... + jn = 0. It follows that the product z\^ ...z^^ Y[i<ki-^J ^ -^fc) ^^ 

the sum of terms of the form z-^'^...z^'^ where fci -I- ... -I- fc„ > 1, and therefore there is at least one 
fcj > 1 in each such term. But then it is clear that the above integral in (|2.18p vanishes, since if 
fc; > 1, then 



(2.19) 



z^^ ...Zi' ...Zn"'dzi...dz„ 



0. 
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n 

There is one final observation to make before presenting the matrix- valued disintegration theorem. 
If r^e^ &re the Aleksandrov-Clark measures discussed in the previous section, recall that, 

Taking ^ = shows that 1m„ — Jj ^z^dflo{(). Letting m denote the diagonal positive matrix 
valued measure given by n copies of Lebesgue measure on the diagonal, then 

(2.21) / ^m(dC) = £ / ((C^)'= + (C^)'=+^) midC) = 1„. 

By the uniqueness of the representing measure in the matrix-valued Herglotz theorem [21 Theorem 
3], it follows that flo — m. 

Theorem 2.2.3. Let Q be a Yin-valued contractive analytic function on D, and fioA ^^^ ^'-^ mea- 
sures associated with Q for any A G (IM„)i. Then Qq ~ m and for any continuous function f on 
T, 

(2.22) / f fiOileAdOdHiU) ^ f fiOmidO- 

JU{n) J J J J 



Proof. Recall that if yl e (IM„)i, A^ denotes the positive operator valued measure obtained as the 
compression of the projection valued measure of the unitary dilation of Z{A) to Lq(T). In the case 
where A = U is unitary, A^/ is the projection- valued measure obtained from Zq{U). 

Now by the previous proposition. Proposition 12.2.21 if / = q + p where p, q are polynomials, then 



(2.23) / fiOAuidC)dH{U)^ f{Z{U))dH{U)^q*{Z{QY)+p{zm. 

JU{n) Jl Ju(n) 

By Proposition 12. 1.2[ if we again identify C" with D_ C Lq and let P :— P^, the projector of 
Lq onto 2)_, then PAaP — ^Oaj so that 



fiOnuidQdHiU) = / / fiOPAu{dOPdH{U) 

U(n) J J Ju{n) J J 



P / / fiC)AuidOdH{U)P 

Ju(n) Jl 



^ P f f{Ze{U))dH{U)P 

JU(n) 

(g*(Z(0)*)4 
./(C)^o(dC) 



U(n) 
P{q*{Z{QY)+p{Z{mP 



n 
(2.24) - / fiOmidC). 
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For / an arbitrary continuous function, the statement follows by approximating / by functions /„ 
of the form /„ = q^ + Pn since such functions are dense in the Banach space of continuous functions 

on T. D 



3. The Cauchy integral representation of Kq 

Let Hq be the closure of the polynomials in Lq, i.e. the closed subspace of Lq generated by Zq 

e ^ -"-6' 

2 



and X)_, the constant functions. In this section we construct an isometry Ve : Hq — >■ ifg,, where 
Kq is the de Branges-Rovnyak space associated with Q and show that the image of Zq under this 
transformation is a rank-n perturbation of Xq^ the restriction of the backwards shift from ^^(D) 
to Kq. In this section we do not assume that 9(0) = in general. 

3.1. de Branges-Rovnyak spaces. Let i^i(T) denote the Hilbert space of C"-valued functions 
which are square integrable with respect to normalized matrix-valued Lebesgue measure m on T, 
and recall that i?,^(D) C i^i(T) is the subspace of C" valued functions which are analytic in D and 
whose L^ norm on circles of radii r < 1 remains bounded as r — >■ 1. 

Given Q G (if^(D)) , the de Branges-Rovnyak space Kq is defined as follows. Let Pff2 denote 
the projection of i^(T) onto iJ^(D), and let Tq denote the operator of multiplication by 9 on 
7f^(D), Te/ = 9/ for all / G -ff^(D). The de Branges-Rovnyak space Kq is defined as the range 
of i?e '■= a/1 — TqTq endowed with the inner product that makes Rq a co-isometry of i?,^(ID) onto 
its range. Hence ii f,g G H^ii^) and at least one of f,g is orthogonal to the kernel of Rq, then 
{Ref, R09}e — (/, g), see [4j for more details. We will denote the inner product in Kq by (•, •)e to 
distinguish it from the inner product of Hq which is denoted by (•, •)e. For 2,10 G D, let 



1 — zw 

be the matrix kernel function at w. The Hilbert space Kq is the closed linear span of the point 
evaluation functions 

(3.2) Sf := A^x, 

for a? G C" and z G D. The notation Si := Sl^ where {cj} as before is an ON basis of C" will 
sometimes be used. Inner products with S^ gives point evaluations at z G D: 

(3.3) (/,5f)e = (/(z),a-)c", 
for any / G Kq. 

We will now discuss the Cauchy integral representation for vector-valued de Branges-Rovynak 
spaces Kq. This will be a straightforward generalization of the methods of [4, Chapter HI]. Since 
most of the arguments generalize with only trivial modifications, many of the results will be stated 
without proof. 

3.2. The Cauchy integral representation of Kq. Recall that J7e is the unique positive IM„- 
valued measure on T associated with the purely contractive 9 by the Herglotz theorem. 

One defines the Cauchy integral of Hq by 

(3.4) Cneiz) := / -^f]e(dC)- 
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This is clearly a IM„-valued function which is analytic in D. Next for any / e -^e(T) define the 
Cauchy integral of / by 

(3.5) C'efiz) := / ^^f]e(dC)/(C)- 

For each such / this is an analytic C"-valued function on D. 
By definition Cef{z) — {f,kz)Q where 

(3.6) fc,(C):=(l-zC)-\ 

kz € Lq for 2; G D. Hence the kernel of the map Cq is the orthogonal complement of the span of 
the kernel functions kz, z G D in Lq. The closed linear span of the kernel functions k^ := k^x where 
X e C" is easily seen to be the span of the polynomials in Lq which we defined previously to be 

The following Lemma is easy to verify and its proof is omitted: 
Lemma 3.2.1. The following identity holds: 

(3.7) / , ^_ , ^,_ neidz) = (1 - e(&))-iA,(fe)(l - e(a)*)-i. 
Jj 1 ~ az I ~ bz 



Given / e Hq, define Vef{z) :— (1 — Q{z))Cef{z). We will write fc^ for kf where {a} is the 
canonical ON basis for C". Then observe that by applying the above lemma, 

Vekliz) - (1 - e(z)) f . ^_ ^ ^ _ ne{dw)e, 

Jjl — aw 1 — zw 

(3.8) Aa{z){t-Q{ary'e,. 

This shows that Vefc^ is a linear combination of the point evaluation functions {Sl}^^i C Kq so 
that Ve is a linear map from Hq into Kq. Here, as above 5^ = Sa = AaCj. 

Proposition 3.2.2. The linear map Ve : Hq — > Kq is an isonietry of Hq onto Kq. 

Proof. For any a G D, (1 — ©(a)*) is invertible so that {(1 - Q{a)*)e^}"^^ is a basis for C". 
It follows that the span of the set of functions S :— {kl | a G D, I < j < n} C Hq where 
kl{z) = Y3=j(l — Q{a)*)ej is equal to the span of the {k^ | a G D, 1 < j < n}. The span of the last 
set is dense in Hq, and hence so is the span of S. Hence to prove that Ve can be uniquely extended 
to an isometry of Hq onto Kq , it suffices to show that 

(3.9) {klH)^^{VeklVekl)e- 
The left hand side of the above equation is equal to 

(3.10) fJ-l—-l_ne{dz){t-Q{ar)e,,{l-Qibr)e^ = (Aa(6)e„ e^), 

by the previous lemma. 

By the calculation preceding this proposition, VQkl^{z) — (5^(z) so that the right hand side of 
equation p.9p is equal to {Sa,Sl)B- Since these are the point evaluation functions in Kq, this is 
equal to ((5^(6), e^) = {Aa{b)ei,ej). Hence both sides are equal and Ve is an isometry. 

n 
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Let Yq{A) := Zq{A)\jj2 (it is clear that Hq is invariant for each Zq{A)), A € (IM„)i, and let 
Xq := S** 1/^-2 where S is the shift (multiplication by z) in iJ,^(D). 

Proposition 3.2.3. The compressed backwards shift Xq and Yq are related as follows: 



(3.11) 



XeVe = V^e^^e* 1 - (In - 9(0)) ^ {^br)^ 6: 



i=l 



In the above statement, Yq :— YQ{i). If we let P = _P_ = S"=i ('j ^i )« ^i ; ^ti^ projector onto 
the constant functions in Hq, then the claim can be written 

(3.12) V^XeVe = Y*il- P(l - e(0))P) . 

This proof of this proposition is an obvious n— dimensional generalization of calculations in [4]. 

Proof. For simplicity identify the fixed basis of C", {e;} with the basis {b^} for 2)_, the constant 
functions in Lq. This basis is orthonormal if 0(0) — 0. Given any / € Hq, consider VQYQf(z) = 
(1 — Q{z))CQYQf{z). First as in [4] it is easy to calculate that 

l—{ne{dw)YSf{w),e,) 



{CeY^f{z),e,)i 



1 — wz 



= {YefA 



2^e 



(/,^efc: 



z^e 



(3.13) 

It follows that 



and hence that 

(3.14) 



-^^{ne{dw)f{w),e,) = -(Ce/(z)-Ce/(0)). 
1 — wz z 



VeY^fiz) = (l-e(z)) 



C'efiz) - Ce/(0) 



S*Vef{z) + (S*e{z))Cef{0), 



VeY^f = S*Vef + 5*e(Ce/(0)). 



Applying this formula to the case where f = Ci, and using equation 



yields 



(3.15) 



VeY*e, = 5*Ao(l - 9(0)* 



5*9 / neidw)e^ 



Short calculations show that 5*Ao = —(5*9)9(0)* while Lemma [3. 2. II implies that Jj il.Q{dw) = 
(1 - 9(0))-i(l - 9(0)9(0)*)(1 - 9(0)*)-i. Substituting these formulas into equation ([3T5l) and 
simpliiying leads to 



(3.16) 

or equivalently that 

(3.17) 

Since 



VeY^e, = S*Qit-e{Q))-'e^ 
S*ee,^VeY^{l-eiO))e^. 



(3.18) 



n n „ n 

Ce/(0) - ^(Ce/(0), e,)e, - ^ / {ne{dw)f, e,)e, = ^ (/, e,)e e„ 

i=l 4=1 "^T i=l 
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it follows that 

VeY^J - S*Vef + S*e{Cefm 

n 
n 

(3.19) = X0Fe(l-5](-,e,)e(l-0(O))e.)/. 

i=l 

n 

3.3. Extreme points. In the case where 8 is scalar-valued, it is well known that 8 is an extreme 
point of the unit ball of H°° if and only if 1 — |8| fails to be log-integrable [SI pgs. 138-139], and that 
this happens if and only if Hq = Lq. These facts follow easily from Szego's theorem [51 pgs. 49-50] 
and the fact that the derivative of the absolutely continuous part of Q.q with respect to Lebesgue 

measure is -^_q p . 

These facts generalize almost verbatim to the case where 8 is IM„-valued and purely contractive. 
First, it is easy to check [2l Theorem 9] that the derivative of the absolutely continuous part of VIq 
with respect to Lebesgue measure is 

(3.20) W^e(C) = (1 - e(C))-' (1 - 8(C)8(C)*) (1 - 8(0*)"' . 
By the Helson-Lowdenslager generalization of Szego's Theorem, 

(3.21) exp (j lv{\n{We{0)m{dO)\ = mi^ J tr ((^o + ^(C))*(^o + P{Cme{dO) ■ 

Here the infimum is taken over all n x ti matrices Aq of determinant one, and all polynomial matrix 
functions P{z) — J2i=i ^j^"'; ^i G Mn for z e D which vanish at the origin [HI Theorem 8]. 

With this fact in hand, and the fact that if A, B are positive definite matrices the identity 
tr(ln A_B) = tr(ln^) -F tr(lni?) holds (this follows from the multiplicative property of the determi- 
nant), one can show as in the scalar case that H^ = Lq if and only if Jj tr ((1 — ]8(z)])m(dz)) = 
— cx). Indeed, in this case the left hand side of equation (|3.21|) vanishes, and this implies that if 
Aq := VfeeN^e''®- t^^t D- cA^ and hence that D_ C A where ^q := Vfeew-^e®-- This 
readily leads to the conclusion that Hq = Lq. Moreover, using the fact that by [9l Theorem 9], 
L tr (in ]8(z)]^rn((iz)) > — cx), it is easy to generalize the proof characterizing extreme points of the 
unit ball of _ff°°(D) ^ pgs. 138-139] to obtain an analogous characterization of extreme points of 
the unit ball of H^ (D). In summary one can establish the following without difhculty: 

Theorem 3.3.1. Given 8 G (i?^(D)) , the following are equivalent: 
(i) 8 is an extreme point. 

(a) /^tr(ln(l - \Q{z)\)m{dz)) = -cx3 
(ill) L| = Hi 

3.3.2. Remark. For brevity we will say that 8 is extreme if it is an extreme point of the unit ball 
of H^ (D). In this case since Hq = Lq we have that Yq = ZQ\fj2 = Zq in Proposition 13.2.31 

3.4. Determination of AC measures. The Cauchy integral representation of Kq provides an 
another way of proving that rie^ — An for U unitary that is independent of the methods used in 
Section l2.ll In this subsection we do this and prove that Zq{U) is unitarily equivalent to Zq^,. 
Recall that 8,7 = OU*. 
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Suppose that 0(0) = 0. Consider the subspace Kq of Kq spanned by the point evaluation 
functions a.t z = 0, 6q, 1 < j < n where (5^(z) = Ao(z)ej = (1 - Q{z)Q{Q)*)ej = Cj since 8(0) = 0. 
Then from earher calculations we see that if P = P_ denotes the projection onto the constant 
functions in Hq and Q the projector onto Kq, the constant functions in Kq then VqP = QVq. Let 
i?e denote the projection of Lq onto Hq. Before we defined Zq{^A) = Zq + P[^A — \)PZq. Since 
11% is invariant for Zq{A) it follows that 

YeiA)* = ReZe{A)*Re^ReZ*QRe + ReZ*QPiA* ^l)PRe 

(3.22) = Yq+ YqP{A* - 1)P. 

Now by the intertwining relation of Proposition l3.2.31 VqYqVq == Xq + VsYqPVq. As calculated 
previously in equation EH VeY^e^ = 5*96^. Hence we get that VeY^PV^ = S*QVePV^ = 
5* eg. This shows that 

(3.23) VqY^V^ = Xe + S*eQ, 
and hence that 

(3.24) VeYeiA)*VS = (Xq + S*eQ) (1 + Q(A* - t)Q) ^ Xq + S*QQA*Q. 

Note that here the operator QAQ denotes the operator X]"7=i('i ^o)0^«i'^o where {Sq = Cj} is an 
ON basis for the constant functions K^ C Kq and A e (6mM„)i. In particular we conclude that 
Yq{0)* is unitarily equivalent to Xq (under our assumption that G(0) = 0). If G is extreme then 
also ye (^) = ZeiA). 



Now recall that the de Branges-Rovnyak spaces Kq are the ranges of Rq = ^1 — TqTq. If we 
define 9^ := QA* for A e (IM„)i, then it follows that Kq^ = Kq for unitary U. 

Lemma 3.4.1. Given any U G U{n), let Wu := V^Ve^- Then WuY*^ = Ye{U)*Wu. 
Proof. By previous calculations, 

(3.25) V0^Y*^v^^ =x + s*euQ = x + s*eu*Q. 

Here X :== Xs == Xs^ acts on K'% = K^^^. But by equation (|3.24l) this agrees with VqYq{U)*Vq. 

D 

Proposition 3.4.2. Suppose that 9(0) = 0. For any U G U(n), let ^Su ^^ ^^^ measure associated 
with 9(7 := QU* by the Herglotz theorem, and let Kjj denote the IM„ valued positive measure on T 
defined by Ku{I) := [(x/(^e(f^))ei, e-,)g,]. Then Hq^ = A[/. 

Proof. Clearly the claim holds ioi U — 1. Now suppose U ^ 1. Recall that Hq is invariant for 
Zq{U) and that Yq{U) := Zs{U)\hI ■ By the previous lemma, there is a unitary operator Wu which 
intertwines Yj^ := Yq and Y{U)* := Yq{U)*. Since Hq is invariant for Y{U), it is semi-invariant 
for Y*{U), for any U G U{n). Recall here that a subspace 5 of a Hilbert space Ti. is said to be 
semi-invariant for a semigroup of operators <S ii S ~ SiQ S2 where ^i D 6*2 are invariant subspaces 
for 6. If 5' is semi-invariant for the semigroup 6, then the compression of 6 to S* is a semigroup of 
operators on S [TU| . 

Moreover it is not hard to show that Zq{U) is the minimal unitary dilation of Y*{U). To prove 
this, it suffices to show that the linear span of Z{U)~''Hq, for fc G Z is dense in Lq. Recall that 
P projects onto the constant functions in i?|. Now Ran{Z{Uy^P = Z-'^U*P) D Ran(Z-ip), 
and Z(U)'^P = Z-'^P + Z-'^P{U* - 1)PZ~'^P. Since the range of the second term is con- 
tained in Ran(Z^^P) C Ran(Z~^([/)P), it follows that the range of Z~^P is contained in the 
closed linear span of the ranges of Z~'^{U)P and Z~^{U)P. Continuing in this fashion we get that 
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Vfcgz R.an(Z'''P) C y i^^-^Ra.n{Z'' (U)) . Since the first set is dense in Lq, so is the second so that 
Z*{U) acting on Lq is indeed the minimal unitary dilation of Y*{U) acting on Hq. The same 
argument shows that Z^ is the minimal unitary dilation of Y^ . 

Since there is a unitary Wu intertwining Y*{U) and Y^ , the intcrtwincr version of the commutant 
lifting theorem [TTl pg. 66] implies that there is a unitary Wu : L'q -^ L'q such that Wu\h2_ = Wu 

and such that WuZ^j = Z*{U)W. If Pu denotes the projector onto the constant functions in Hq^, 
then, by construction WuPu = PWu since Wu — VqVqjj, and it is clear that Wu obeys the same 
formula, WuPu = PWu- In particular if {b^} is the canonical ON basis of S)_ in Hq and {P^} 
is the corresponding basis in H^ , then Wul3^ = b~ . It follows that for any Borel set / C T, 

[^u{I)h --^ [{xi{Z{U))br,bj)J = [{xi{Zu)Wl,b-,W^bj)^J = [{xi{ZuW ,f3j)^J - [^uh, 

where the last equality follows from the fact that Zu is multiphcation by the independent variable 
in I/I, . 

Note that if Q is extreme so that Lq — Hq, then the above argument simplifies. In particular in 
this case Z^ = YjJ and we have no need to use dilation theory. 

n 

3.4.3. Remark. By the proof of the above proposition, Zq^^ Zq{U) are the minimal unitary dilations 
of Yq^ and Yq{U), respectively. By Lemma l3. 4.1) there is a unitary operator Wu intertwining Yq^j 
and Yq{U). The above proof shows that there is a unitary Wu '■ Lq -^ Lq which intertwines 
Zq{U) and Zq^ and satisfies Wu\hI ~ Wu- 

Recall that the earlier Proposition 12 . 1 . 2l established the more general statement that ile^ — ^a 
for any A € (IH„)-^. This more general fact is not needed to prove the disintegration theorem. In 
the proof of the disintegration theorem, one simply needs to show that fiec/ — ^u for U E U{n), 
as shown in the above proposition. Proposition 13.4.21 as well as the fact that VLq — Aq = m. Below 
we provide a proof of this fact which does not rely on the methods of Subsection 12.11 so that the 
disintegration theorem. Theorem 12.2.31 as given in Subsection 12.21 can be proven completely using 
the results of this section instead of those of Subsection 12.11 



Lemma 3.4.4. JIq = Aq = m. 

Proof. That Qt^ = m follows from the uniqueness of the Herglotz representation as described before 
the statement of Theorem 12.2.31 

By definition /^ C''[Ao(dC)]^J evaluates to {Z{0)%,b^)^ if fc > and to {{Z{Q)*)% .b^)^ 
if fc < 0. The only non- vanishing moment occurs when fc = in which case this evaluates to 
(fe^, &^)e = ^ij- This proves that m — Ko since they have the same moments. D 

4. Total orthogonal sets of point evaluation vectors 

If is scalar- valued, necessary and sufficient conditions for the point evaluation vectors 5c_{z) := 

--(.^j-kQ ^q belong to Kq in the case where C €: T can be given in terms of the existence of the 

Caratheodory angular derivative (CAD) of 6 at C [SI VI-4]. In [3] (for inner 9) and [5], it is shown 
that Kq has a total orthogonal set of point evaluation vectors if and only if there is a C G T for 
which the measure fie,; is purely atomic. It is easy to show that if {5A„}nez is a total orthogonal 
set in Kq, then {A„} C T. 
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This section will verify that these results generalize straightforwardly to the case where Q is 
matrix-valued. To accomplish this, it will first be useful to show how the theorems of \^>, Chapter 
VI] on angular derivatives extend to the matrix- valued case. 

4.1. Caratheodory angular derivatives. Let 9 be purely contractive. There is no need to 
assume that 0(0) = in this subsection. The analytic function Q is said to have a Caratheodory 
angular derivative (CAD) at C S T if 9 has a non-tangential limit 9(C) at C, 1 6(01 = li ^nd the 
non-tangential limit of 9' at ( exists. In this case the CAD of 9 at ^ is defined as the limit of 9'(z) 
as z — > C non-tangentially, and is denoted by 9'(C). 

It is fairly easy to generalize [4, VI-4] to prove the following: 
Theorem 4.1.1. If O £ (i7^^(D)) and C G T, the following are equivalent: 

(1) 9 has a CAD atCeJ. 

(2) c,:^liminf^^J|i^f(£MC):||<oo. 

(3) There is aU & U{n) such that ^^^}_~^ x € K^ for all x e C". 

(4) Every element of Kq has a non-tangential limit at Q. 

If the above conditions hold then 5f G Kq for any x G C", if f E Kq then (/, (5?)e — {f{z), x) and 



nt 



(5? is the norm limit of S^ as z —)' C,. Moreover, 9'(C) — C^0(C) where yl > (so that 9'(C) i 



IS 



i-e{z)B{zy 



invertible) and — i-Lyi converges to A as z approaches C non-tangentially. 

nt 

In the above z — J> C denotes the non-tangential convergence of z G D to C € T. The above theorem 
can be proven by following the proof for the case of scalar 9. The only part of the proof which 
could be considered slightly more complicated is the proof that if (3) holds, then 5f converges to Sf 
weakly, which is used in the proof that (3) => (4). We will show how this is accomplished and omit 
the rest of the proof. 

As in the proof of jU VT4] , to show that S^ converges weakly to 6f it suffices to show that the 
functions 6^ are bounded in norm as z approaches C non-tangentially. To show this it suffices to 
show that A2 is bounded in norm in this limit where Ai„ : C" — > Kq is the linear map defined by 
Awx{z) := Aw{z)x = S^(z). This follows from an argument that can be found in the proof of [121 
Lemma 8.3]: Consider 

< ((l-9(z)9(z)*)x,f)-(- ((9(C)* -9(z)*)f, (9(C)* -9(z)*)f) 

(4.1) = ((l-9(z)9(C)*)f,f) + (f,(l-9(z)9(C)*)f), 

and observe that both terms on the right hand side of the inequality on the first line are positive. 
Recah that A^(u;) = i-e("')e(^)\ it follows that 

^ ^ ■' 1 — WZ 

\\A.x\\l < ^--^{Acx,A,x)e + ^^^{A,S,Acx)e 

(4.2) < 2ii-i|||Acf||e||A.f||e. 

This inequality shows that A^ is bounded in norm as z approaches C non-tangentially. 

4.1.2. Remark. More generally, given x G C" we will say that 9x has a CAD at C G T if 9a; has a 
non-tangential limit 9(C)x at C; l|0(C)2^ll = II^^IIj ^-nd ©'^^ has a non-tangential limit at C- One can 
prove a version of the above theorem for such vector functions. We will not write this result down 



UNITARY PERTURBATIONS OF COMPRESSED SHIFTS 17 

here, but we note that one can show that Sf e Kq if and only if there is a unitary U such that 
eU*x has a CAD at (. 

4.2. Spectra of the unitary perturbations Zq{U). Earher we defined Z'q := Zq\iji q^,. This 
is clearly an isometric linear transformation from L|, © S)+ onto Lq S_. The deficiency indices 
of an isometric linear transformation V are defined as (n+, n_) where n_|_ := dim fDom(y)-'-) and 
n_ := dim (Ran(y)-'-). If 8 has rank n, it follows that the deficiency indices of Z'q are (n, n). An 
isometric linear transformation is called simple if it has no unitary restriction to a proper subspace. 
It is easy to see that Z'q is simple, as if it were not, then Zq would have a reducing subspace 
orthogonal to S_ — {l/zci}, which, as discussed at the beginning of Section \TJ\ is not possible. A 
point A G C is called regular for an isometric linear transformation V iiV — X is bounded below. V 
is called regular if every A S C\{1} is regular for V (i.e. if every A G C is regular for the symmetric 
linear transformation S = ii^^{V) defined on Ran(F — 1)) where /i(z) = |-4. 

As proven by Lifschitz in [6], any simple isometric linear transformation V with indices {n,n) 
is unitarily equivalent to Z'q for some purely contractive Q with 0(0) = 0. The following theorem 
characterizes the essential spectrum of Z'q (and hence of .^e) O Theorem 4] 

Theorem 4.2.1. (Lifschitz) A point C G T is o regular point of Z'q if and only if both of the 
following conditions are satisfied: 

(1) Q is analytic on some open neighbourhood of C,. 

(2) There is a neighbourhood Nq of C such that 8(A) is unitary for all A G Nq n T. 

By the above theorem the essential spectrum, ae{ZQ{U)) of any of the unitary perturbations 
Zq(U) is the set of all C G T which fail to satisfy at least one of the above conditions in the theorem. 
We will denote this set by sp(8). Assume that C G T \ sp(8). Then Zq{U) — C is a finite rank 
perturbation of Z0{O) — ( which has Fredholm index since both Ze{0) and its adjoint are simple. 
It follows that cr(Ze(f7)) — 8p{Q)U(jp{Ze{U)), where (Tp(2'e(t/)) is the set of eigenvalues of Zq{U). 
To determine the spectrum of Zq{U) it remains to determine its eigenvalues. 

It is worth noting that one can show using the basic theory of isometric/symmetric linear trans- 
formations that given a simple isometric linear transformation V with deficiency indices {n,n), any 
eigenvalue of any unitary extension C7 of T^ has multiplicity not exceeding n, and if A is any point 
in T" consisting of regular points for V, there is a unitary extension U oi V which has the entries 
of A as eigenvalues. Moreover each distinct pair of unitary extensions V{U) and V{U') can share 
no more than n — 1 eigenvectors. See for example [T31 Section 83] 

Proposition 4.2.2. Suppose that 8(0) = and A G T. 

(1) A G ap{Ze{U)) \ sp(8) if and only i/Ker(8(A)* - U*) ^%. A vector f G C" belongs to 
Ker(8(A)* — [/*) if and only if Si\\x is an eigenvector of Zq^ to eigenvalue A. 

(2) A is not an eigenvalue of any Zq{U) if and only i/lim „t (1 — zA)t/(f7 — 8(z))^^ = 0. This 
happens if and only if the angular derivative of Qx at A does not exist for any x G C" . 

In the above S^^xyx G Lq is the point mass function which takes the value af at A G T and vanishes 
elsewhere on T. 

Proof. By Remark l3.4.3l Zq(U) is unitarily equivalent to Zq^ which acts as multiplication by z in 
Lq . It follows that A G T is an eigenvalue of Zq{U) if and only if ^Iq^j has a point mass at A, i.e. 
if and only if rj©,, ({A}) ^ 0. 
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Now by the Herglotz theorem 

(4.3) 2(1 - e(z)C/*)-i ^ Be,{z) + 1^2 [ -^^eAdO, 

and note that (1 - <d{z)U*y^ = U{U - <d{z))-'^ . It follows easily from this that 

(4.4) VLq^ [{A}] = lim (1 - z\)U{U - Q{z)Y^ . 

In the above limit, we assume z converges to A non-tangentially. Hence A is not an eigenvalue of 
Zq{U) if and only if this limit is identically 0. This happens if and only if 

(4.5) lini||Mfl^^f||^oo, 

z-s-A Z — X 

for every x £ C". This shows that A is not an eigenvalue of any Zq{U), U £ U{n) if and only if the 
angular derivative of Q{z)x at A does not exist for any x £ C" (see Remark l4.1.2p . 

Since Zq^ acts as multiplication by z, clearly A is an eigenvalue of Zq^ if and only if there is a 
a? € C" such that 5{\yx is an eigenvector of Zq^. If 5{\^x is such an eigenvector, then x G C" must 
be in the range of the non-zero projection ileLfil-^}] ^ l^n(C). Hence, 

(4.6) X = r2e„ [W]x = lim (1 - zA)(l - Q{z)U*)~'^x. 

2— >A 

This in turn implies that lim^^A(l - <d{z)U*)x = so that (e(A)* - U*)x = 0. 

Conversely suppose that x G Ker(9(A)* — U*). If A ^ sp(6), it follows from Theorem 14.2.11 that 
Q is analytic in a neighbourhood of A, so that in particular the angular derivative of exists at 
A. By Theorem 14. 1.1[ the angular derivative 0'(A) is invertible, and it is the limit of the invertible 
matrices A{z) :— ~ ^^l,Z.\ as z -> A non-tangentially. 

e(z)e(A)- 



Recall the matrix analytic function /^x{z) := ^ t ■ ^V Theorem 14.1.11 ^\{z) converges 

to Aa(A) := A8(A)*8'(A) as z — > A non-tangentially, and this limit is an invertible operator. The 
non-tangential limit of A\{z)'^ at A is equal to the projection i^eej^^) [{A}] by equation ()4.4p so that 
A\{z)~^ is norm bounded in this limit and the non-tangential limit of A\{z)^^ is equal to Aa(A)~^. 
Since this is an invertible projection, Aa(A) = Aa(A)^^ — 1. 

Let B{z) :— """^"^^1 — . Previous calculations in this proof have shown that B{z)^^ — > fle^ [{\}]x. 
To show that Stxyx is an eigenvector of Zq^, we need to show that B{z)~^x converges to x as z — )• A 
non-tangentially. This is easily accomplished by observing that \\B{z)^^x — x\\ < |ji3(z)~^||||af — 
B{z)x\\ = \\B{z)-^\\\\x-Ax{z)x\\. The last equality follows from the fact that f G Ker(e(A)* ~U*). 
Since ||i?(z)~^|| is bounded as z — > A non-tangentially, and Aa(z) converges to 1, the proof is 
complete. D 

4.3. Total orthogonal sets of point evaluation vectors. Recall the matrix kernel functions 
A„(z) := ~ ~^_Zl'^' , and the point evaluation functions S^ := A^x € Kq which satisfy (/, S^)q = 
{f{w),x) for all / G Kq, all w G D, and all w G T for which the angular derivative of at w exists. 
In this section we determine necessary and sufficient conditions for Kq to have a total orthogonal 
set of point evaluation functions. Suppose that A := {(J^'liez C Kq is such a set. For convenience 
define 5i := S^\ Let A'a : Kq -^ Kq be the normal operator N\ := X^nez -^i iiVll^' • 

Proposition 4.3.1. If A ~ {(5i}igz C Kq is a total orthogonal set, then Q is extreme and N^ is 
unitarily equivalent to Zq{U) for some U G lA{n). Hence N/^ is unitary and {Xi}i<£z C T. 

The following simple fact will be used in the proof of the above proposition. 
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Lemma 4.3.2. Let V be an isometric linear transformation with deficiency indices {n,n), and let 
P, Q be the projectors onto Doni(T^) and Ran(l/) respectively. If [P V Q)^ = then any normal 
extension of V must be unitary. 

Proof. Given any e H there exist (/>i G QH and (/)2 £ PH such that (f) = (/ii + (/i2- Any extension of 
V can be written as V{A) ^V®Aonn = Doin(l^) ® Dom(V^)^ where A : Doni(y)^ -^ Ran(F)-L. 
If V{A) is a normal extension of V then V{A)*V{A) = P + A* A = V{A)V{A)* =Q + AA* where 
A* A vanishes on Doni(V^) and AA* vanishes on Ran(V"). 

It foUows that V{A)*V{A)(I) = T/(A)*T/(A)0i + V iA)V (A)* <j)2 = P0i + (502 = <^i + </)2 = </'■ 
Hence V{A) is unitary. D 

Lemma 4.3.3. Let P be the projector onto J)_ C Hq and let Q := VqPVq. The restriction 
Yq(0) = ZQ{0)\fj2 and Xq, the restriction of the backwards shift to Kq are related by the following 
formula: 

(4.7) VeYe{OrV^^Xe{t-Q). 



Proof Let Re be the projection of L| onto H^^ so that Ye (0)* = ReZe (0)*i?e = Y*{t-P). Then 

(4.8) VeYeiOyV^ = VeY^V^Ve{t - P)V^ = VeY^V^{l - Q). 
By equations (IXT^ and (jXTSj) . 

VeY^V^ = Xe + VeY^P{l-QmPV^ 

= Xe + {S*Q)P{l-Q{Q))-^{t-Q{Q))PV^ 

(4.9) = Xe + {S*Q)PV^. 

In the above note that any A g IM„(C) is viewed as the operator '^ij{-,b~)eAijb~ where {b~} is 
the fixed ON basis of S)_ so that in particular PQ{Q)P = e(0)P = 8(0). Equation (|48l) becomes 

(4.10) VeYeiOyV^ = (Xq + {S*Q)PV^){1 - Q) = Xe{l - Q). 

n 

Proof, (of Proposition I4.3.ip Recall the canonical unitary transformation Ve : Hq — > Kq from the 
Cauchy integral representation of Kq. Let P — P- be the projector onto the constant functions 
in Hq spanned by the basis {ei]^^i and let Q — VePVe be the projector in Kq onto the span of 
the vectors (5g' = Aoe^ for 1 < i < n (if 8(0) = these are constant functions). If ^ e (IM„)-^ then 
Ze{AY = Zl^{l+{A-l)P). Let Pe denote the projector onto Hly Then Ye{A)* = PeZe{A)*Pe == 
PeZ*QPe{l + {A-l)P). 

By LcmmaHSSl VeY^{Q)V^ = Xe{t - Q). Now if / G i^^ Q QKl, then since = (/, 5o*)e for 
all 1 < i < n, it follows that /(O) = 0. Hence f{z) — zg{z) for some g G /J^(D). Moreover since Ke 
is invariant for 5*, it follows that S* f — g £ Kq. Hence for any a; G C" and any A G D or A G T for 
which the angular derivative of 8 at A exists, 

(4.11) {Xef, Sf)e = (g(A), x) = A(/, Sf)e. 
It follows that 

(4.12) Xeil- Q)f ^ Xef ^Y.^J-^'^^^ ^ N*f. 

nez II "II 
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It can be concluded that TV* is a normal extension of Xq\q±j^2_ , so that N := VqN*Vq is a normal 
and contractive extension of YQ{<d)*\p±i^2 . 

Now Yq is a co-isometry, and by the Wold decomposition it can be decomposed into the direct 
sum of a unitary operator, and a purely co-isometric operator (an operator isomorphic to the direct 
sum of copies of the adjoint of the unilateral shift). If Yq had a non-zero purely co- isometric part, 
then it would have non-zero Fredholm index. However, N* is a normal finite rank perturbation of 
Yq, and hence is Fredholm. Any normal Fredholm operator must have index zero. Since the index 
is invariant under compact perturbations, Yq also has index and hence Yq is unitary. It follows 
that Hq = Lq, that Yq = Zq and that 6 is extreme. 

In conclusion N* is a normal extension Ze(0)* which is a partial isometry with deficiency indices 
(n, n). By Lemma [4.3.21 N* and hence N must be unitary so that N — Zq{U) for some U G U{n). 
Since N is unitary its spectrum is contained in the unit circle so that {A„} C T. D 

Theorem 4.3.4. Kq has a total orthogonal set of point evaluation vectors if and only if there is a 
U G lA{n) such that the measure ^u is purely atomic. If Kq has such a set then Q is inner. 

Proof. If Kq has a total orthogonal set of point evaluation vectors {Si}, where Si = S^^, then 
by the previous proposition, there is a C/ G U{n) such that Zq{U) has a total orthogonal set of 
eigenfunctions. Therefore Zq^ which acts as multiplication by z in Hq = Lq ^ has {S[\^}Xi} as a 
total orthogonal set of eigenfunctions, and the measure ft0,j = flu = J2nez ^u{{K})S{Xi} is purely 
atomic. 

Conversely if il£/ = J2nez^ui{k})S{\^}isi>m:e\y atomicthen{S{Xi}xl}i<j<ki- jgz where {f^}*^^;^ 
is an ON basis for Qjj {{Xi}) C", and h < n, is a total orthogonal set of eigenvectors to Zsu- Note 
here that each flu {{Xi}) is a projection. Under the canonical unitary transformation Vq^j : Hq -> 

(4.13) VeJix^}Sii{z) = (1 - eu{z)) f ^-i^^Q^idw) ■ xi = i-Mfpf^. 

By Proposition iXl xf e Ker(e(A,)* - U*), so that Vq^Ss^x^^xI = (5^J. We conclude that {Si} 

where Si = S^' is a total orthogonal set of point evaluation vectors in Kq. 

If Q is not inner, then there is a set / C Bor(T) with m{I) > such that 8(2;) is not unitary for 
z E I. Let J7q denote the absolutely continuous part of fte^ with respect to m. Then 



(4.14) (1 - e{z)uT' (1 - e{z)Q{zr) (1 - uQ{zrr' = / ^^neAdO, 

for z e D, and 

(4.15) ^(^) = (^ - 0(C)t/*)"' (1 - e(C)e(c)*) (i - ueicyy' , 

almost everywhere C € T with respect to Lebesgue measure. For a proof of this fact in the matrix 
setting, see [2j Theorem 9]. Hence if 8 is not inner, ^q^j cannot be purely atomic for any U € U{n) 
so that Kq cannot have a total orthogonal set of point evaluation vectors. D 

5. Representation of simple symmetric operators with deficiency indices (n, n) 

In this final section, we wish to point out that any simple symmetric operator with deficiency 
indices (n, n) is unitarily equivalent to the symmetric operator of multiplication by the independent 
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variable in a model subspace K^ where $ e H^ (U) is inner, $(i) = and <i> is analytic on some 
open neighbourhood of any given point x G R. We will see that such K^ have a Z//(n)— parameter 
family of total orthogonal sets of point evaluation vectors. Recall that HJ denotes the open upper 
half plane, and H^ (U) is the Hardy space of bounded analytic IM„-valued functions on U. 

There is a bijective correspondence between $ e H^^{V) and Q £ i?^(D) given hy ^ — Q o fi 
and = $ o /i~^ where /i(z) = |^ and /i~^(z) = ijz^- Further recall that there is a canonical 
unitary transformation Z// : -ff^(D) — > H^{IJ) given by 

(5.1) Z^/(^)^i^^/o^(z), 
and that U takes ii'l, onto if|. 

5.1. Representation of simple symmetric linear transformations with deficiency indices 

(n, n). Recall the Lifschitz characteristic function of a simple isometric linear transformation V. 
Here Dom(F) and Ran(T^) are contained in a separable Hilbert space H. Let J)+ := Dom(F)^ and 
S)_ := Ran(T^)-'-, fix a unitary extension U oi V and let {ip^ )f^i be orthonormal bases of S)± such 
that Ui;+ = Vr- Given W^ £ U{n), we define V{W) := V"©Ey (•, V',+)W,j-0,^ on-H := Dom(V^)®D+, 
so that {V{W)}w£U{n) is the W(n)-parameter family of unitary extensions of V. 

5.1.1. Definition. Fix U £ lA{n). For \ < i^k < n^ let A^B be matrix valued functions on D 
with entries A,k{z) - z{{V{U) - z)-^i;t ,^+), B,k{z) := ((V^([/) - z)- V(C/)^+, V^). The Lifs- 
chitz characteristic function of the simple isometric linear transformation V is defined as Qv{z) '■= 
A{z)B{z)~\ 

One can show that Qviz) is always a purely contractive matrix analytic function on D with 
0y(O) = 0. Two contractive matrix analytic functions on D, 0i and 02 are said to coincide if 
there are fixed unitaries U,V in li{n) such that C/9i = 62 V^. In [6], it is shown that two simple 
isometric linear transformations Vi , V2 are unitarily equivalent if and only if their characteristic 
functions coincide. Moreover one can show that choosing a different U in the definition of Qv yields 
another purely contractive function which coincides with the original so that Oy is unique up to such 
coincidence. Now given Qy, consider the operator Zq^ of multiplication by the independent variable 
in Lq . As discussed in the beginning of Section [4. 2| the transformation Z'q ^ = ^OvU^ es>+ is ^ 
simple isometric linear transformation with deficiency indices (n, n). It is not difficult to show that 
the characteristic function of Z'q is Qy so that V is always unitarily equivalent to Zq^ . 

Theorem 5.1.2. (Lifschitz) Any simple isometric linear transformation V with deficiency indices 
(n, n) is unitarily equivalent to Z'q , which acts as multiplication by the independent variable on 
Bom{Z'Qj^Ll^eD+. 

Proof. Let Q := 8y. As in the proof of Proposition 14.2.21 it is easy to check that 

(5.2) ((Be - l)e„ e^) = 2z / -^ (r!e(dC)e^, e^) = 2z((Ze - z)-'b+,b+)e, 

and similarly that 

(5.3) ((Be + l)e„ efe) - 2{Ze{Ze - z)-^b+ ,bl)e. 

This shows that the Lifschitz characteristic function of Z'q coincides with Q since 9 = {Bq — 
1)(-Be + 1)-^ □ 
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There is a bijective correspondence between simple isometric linear transformations V and simple 
symmetric linear transformations B given hy B = ^~^(V) with Dom(_B) := (V — l)Dom(T/) and 
V = fJ,{B) with Dom(F) — Ran(i? + i). Recall here that a symmetric linear transformation is called 
simple if it has no self-adjoint restriction to a proper subspace. 

The following provides necessary and sufficient conditions on 9 for the symmetric linear transfor- 
mation /i~^ (Zq) to be a densely defined symmetric operator. This is a straightforward generalization 
of a result of Lifschitz for the case n = 1, and the proof is virtually identical. 

Lemma 5.1.3. Let V be a simple isometric linear transform,ation with deficiency indices {n,n). 
Then B = ijl~^{V) is a densely defined symmetric operator if and only if z — 1 is not an eigenvalue 
of any unitary extension of V . 

Proof. If ii^^{V) is densely defined, then Ran(F — 1) is dense so that if U is any unitary extension of 
V, then Ran([/ — 1) D Ran(y — 1) is also dense. This can only happen if z = 1 is not an eigenvalue 
of any unitary extension U. 

Conversely if fi^^{V) is not densely defined then there is a ^ G H such that {{V — t)ip, C) ~ for 
all i/j £ Dom(F). Let {il't} ^^d {ip~} be ON bases for Dom(F)"'- and Ran(F)-'- respectively. For 
A G IM„ define V{A) := V ® A on H = Dom(y) ® Dom(y)-^ where A : Dom(F)^ ^ Ran(F)^ is 
given by i = E"j=i ^^J{■,'Pt)'^J ■ 

Given any t/j e "H = Dom(y) © Dom(F)-'-, ^ = ^v + ^27=1 '^i^t where ^v G Dom(y). Hence, 

n 

(5.4) {{V{A) - 1)V, = {{V - l)V'y , + E ^»«^ - 1)^-+, 0- 

Now ^ is not orthogonal to Ran(y)^, as otherwise there would exist a ^' G Dom(F) such that 
V^' = ^. This would imply that 

(5.5) 0^{{V- 1)^, VO = (^, (1 - V)e), 

for all -0 € Dom(y) so that {V - 1)^' G Dom(y)^. The fact that C is orthogonal to Dom(V)-^ and 
that \\V^'\\ = II ^11 would then imply that V^' = £,' , contradicting the simplicity of V. We conclude 
that ^ is not orthogonal to Ran(y)^, so that we can choose A so that {{A — 1)^^ ,^) — 0. 

It follows that for this choice of A, {{V{A) - l)ijj,0 = {{V - l)^v,0 = for all -0 G "H so that 
ViA)*^ = C Now ^ = ^1,+^- where ^^ G Ran(F) and V" e Ran(F)-L, and V{A)* ^ V* ® A* on 
H — Ran(F) Ran(F)-'-. A simple calculation shows 

(5.6) Uvf + u-\\' = ur = \\v{Ara' = \\v*Cvr + pv^ir - wcvW + pv^ir, 

so that 11^*0^11 = IIV'^II- It follows that we can choose U G U{n) such that U*ip' = A*ip~, and 
that with this choice of U, V{U) is a unitary extension of V with z = 1 as an eigenvalue. D 

Theorem 5.1.4. The simple symmetric linear transformation ij,~^(Z'q) will be a densely defined 
simple symmetric operator if and only if the limit of (1 — z)U(U — @{z))~^ as z approaches 1 non- 
tangentially vanishes for all U G U{n). This happens if and only if the angular derivative of Qx at 
z — 1 does not exist for any x G C" . 

Proof. This is an immediate consequence of the previous lemma and Proposition 14. 2. 2] D 
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5.2. Regular simple symmetric operators with deficiency indices {n,n). Now suppose that 
i? is a simple symmetric hnear transformation on "H with deficiency indices {n,n). Such a linear 
transformation is called regular if i? — z is bounded below for all z e C. The isometric linear 
transformation V = /i(-B) is called the Cayley transform of B. This 1^ is a simple regular isometric 
linear transformation with deficiency indices (n, n). Here an isometric linear transformation is called 
regular if V^ — z is bounded below for all z G C \ {!}. The fact that V is regular, and the results of 
Section HT^ show that Qy is inner and analytic on some neighbourhood of any given point z € T\{1}. 

Let 8 -.^ <dv Since 0v(O) — 0, {Z'q)* is unitarily equivalent to (^e)'i the isometric linear trans- 
formation which acts as multiplication by 1/z on the orthogonal complement of the n— dimensional 
subspace spanned by the vectors {5q\ x £ C"} C Kq of point evaluations at zero. Since 8v(0) = 0, 
these are the constant functions in Kq. Let $ = 9 o /i, and let M be the self-adjoint operator of 
multiplication by the independent variable in i^(IR). Then the image of (^e)' under the canonical 
unitary map U of Kq onto K^ C H^{V) is the isometric linear transformation iJ,*{My^ which acts 
as multiplication by fJ.*{z) = ^{z) = ^^ on the domain of all functions in K^ which vanish at z = i. 
Let M$ := {fi*)~^ {n* (M)'^) . Then M$ is a simple symmetric linear transformation which acts as 
multiplication by the independent variable on its domain Doni(Af$) — Ran(/i*(M)'^ — 1). 

We will say that the inner function $b = o /i is the Lifschitz characteristic function of B. Note 
that since 8y(0) = 0, $_B(i) = 0. Combining these observations with Lifschitz' result, Theorem 
I5.1.2[ yields the following: 

Theorem 5.2.1. A simple symmetric linear transform,ation B with deficiency indices {n,n) and 
characteristic function $s is regular if and only if^s G H^ (IJ) is cm inner function which has an 
analytic extension to an open neighbourhood of any fixed x £ R. In this case B is unitarily eguivalent 
to M^g which acts as multiplication by the independent variable on Dom(M$^) C K^. 

5.2.2. Remark. The result stated above can be generalized to any simple symmetric linear trans- 
formation whose characteristic function $b is an extreme point, for in this case Hq = Lq (where 
= $ o /z~^ ), and the canonical unitary transformations from Hq onto Kq and Kq onto K^ take 
fJ-~'^{Z'Q) onto Af$. 

5.2.3. Remark. Theorem 15.1.41 provides necessary and sufficient conditions on $ for M$ to be a 
densely defined symmetric operator. 

Now suppose that <f> == 8 o /i satisfies the conditions of Theorem 15.1.41 so that A/$ is densely 
defined, and that sp(<l>) := /i~^ (sp(8)) C {oo}, so that M$ is regular. Let Af$([/) be the image 
of h~^{Zq{U)) under the canonical unitary transformation of Hq onto K^. Then the regularity of 
M$ implies that the spectrum of each M^{U) is purely discrete with no finite accumulation point. 
Hence if a{M,s,{U)) — {Xi{U)} C R, it follows that there are vectors Xi{U) G C" such that the point 
evaluation vectors {(^^'f^)} form a total orthogonal set of eigenvectors to M^{U) for each U G U{n), 

M,^{U)5^^ ,j^jl = \i{U)S^^ ,^jl. Here the point evaluation vectors in K\ have the form 

Moreover if Af$ is densely defined then each point evaluation vector (5^ is an eigenvector to A/|. 
Indeed, given any / G Dom(Af$), 

(5.8) (M*/,5f)* - A(/(A),f) = (/,A<5f)*, 

which shows that (5^ G Dom(Af|) and that M^5^ = XSf. Here, (•, •)$ denotes the inner product in 
K^ (which is the usual L^ inner product since we are assuming $ is inner). 
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In summary any regular simple symmetric linear transformation B with deficiency indices (n, n) 
is unitarily equivalent to multiplication by the independent variable, M$ in a model subspace 
K^ C -ff^((U), where $ — $b is the Lifschitz characteristic function oi B. $ € H^ (U) is inner, and 
the fact that B is regular implies that $ has an analytic extension to some open neighbourhood 
of each a; € R. The transformation B is densely defined if and only if := $ o /i"^ is such that 
the angular derivative of Qx at z = 1 does not exist for any x G C". In this case A'| has a U{n) 
-parameter family of total orthogonal sets of point evaluation vectors {S^ (^) } which are eigenvectors 
to self-adjoint extensions Af$(C7) of M$ with eigenvalues \i{U). The spectra cr(M$(C/)) = {A,;(C/)} 
are purely discrete with no finite accumulation points. Moreover each 5^ is an eigenvector of M| to 
eigenvalue A. 

5.2.4. Remark. The above representation results for densely defined regular simple symmetric linear 
operators with deficiency indices (n, n) apply in particular to regular symmetric differential operators 
of any finite order, and to their self-adjoint extensions. 

5.3. A model for c.n.u. contractions with defect indices {n,n). In this subsection we show 
that if V is any partial isometry with finite and equal defect indices {n,n), then V is unitarily 
equivalent to the partial isometry ^0^,(0) acting in Lq (T). If V := ^|Kcr(V)^j ^-n isometric linear 
transformation with deficiency indices (n, n), then as shown in [6l (and reproduced in Theorem l5.1.2l 
above), V' is unitarily equivalent to Z'q :— ^ev'(0)lKcr(Ze(o))^- This establishes that the Lifschitz 
characteristic function of any isometric linear transformation V' with indices (n, n) is equal to the 
Nagy-Foias characteristic function of the partial isometric extension V of V' to the entire Hilbert 
space. While natural, and known in the case where Qy is inner ilj, for non-inner Qy, this is not 
immediately obvious from the definitions of these two different characteristic functions. 

To prove this, recall that 8, a contractive IM„-valued analytic function on D is the characteristic 
function of a partial isometry V if and only if 9(0) = 0. So to prove V is isomorphic to Zev(O) it 
suffices to show that the characteristic function of ZQy{0) coincides with Qy- 

Let T := Zq^,{0), Z := Zq^, and let P+,P- be the projectors onto 'Dt and 'St' respectively. 
Then the Nagy-Foias characteristic function of T is 



Briz) = zP_(l - zT*)-'^P+ =P-J2 z'"^HT*)"'P+ 

oo 

(5.9) = ^ z™+ip_(Z-i -2-ip_)'"2-ip_Z. 



m=0 



We will show that this coincides with &{z) by showing that if &{z) = J^kLi ^kZ^ that Ck = 
P_{Z-^ - Z-ip_)'=-iZ-ip_ =: dk- As in SectionO let Ik := P-Z-''P_, and let P = P_. Then, 

dk = P{Z-^ - Z-^P)''-^{Z-^ - Z-^P)Z-^P 

= p{z-^ - z-^pf-'^z-'^p - p{z-^ - z-^pf-'^z-^pz-^p 

P{Z-^ - Z-^Pf-^{Z-^ - Z-^P)Z-^P - dk-ih 

= P(Z-1 - Z-1P)^-3Z-3P - dk-2l2 - dk-lh 

= P{Z-^ - Z-^P)Z-^^-^^P - dih-i - ... - 4-1^1 
(5.10) = Ik - dilk-i - ... - dk-ih- 
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In the last line above the fact that li = di was used. It follows that d]^ = Ik — X]i=i djlk-j- Since 
di = /i = ci, it follows from Lemma [2 . 1 . 41 that dk = Cfc. We have established the following: 

Proposition 5.3.1. // 6(0) = then the characteristic function of the partial isometry Zq{0) 
coincides with G. Hence if V is any partial isometry with finite defect indices (n, n), V is unitarily 
equivalent to Zq^,{0). 

5.3.2. Remark. It follows that any completely non-miitary contraction T with defect indices {n,n) 
is unitarily equivalent to some extension of the partial isometry Zq^^.^JO). More precisely, recall 
from Section \T^ that if T is a contraction with defect indices (n,n) on a Hilbert space H, that 
Tq = T — TP^ where P+ projects onto Dy = Ra,n{DT), Dt = \/lL — T*T is a partial isometry 
with defect indices {n,n). Let be a IM„-valued matrix analytic function on D which coincides 
with the Nagy-Foias characteristic function of 6toj a-nd let U be the unitary transformation such 
that U*TqU = Zq{Q). Then U*TU = Zq{A) where A £ IH„ has components given by A,j := 
{U*TUl/zei,l/zej)Q. This provides a model for any completely non-unitary contraction with 
defect indices (n, n) . 

The following calculation helps to relate the Nagy-Foias characteristic function of ^e(^) to that 
of Zq{0). The characteristic function Qt of T := Zq{A) is, by definition, 

(5.11) Qt{z) = {-T + zDt'{1 - zT*)-^Dt) \vt- 

Now Dt* = Dt'P- and Dt = P+Dt = Z-^P^Z. So let r(z) := zP_(l - Ze{A)*)-^Z-^P^ 
Proposition 5.3.3. The matrix function T{z) = e(z)(l - A*e{z))-'^. 

Proof. (Sketch) This proof is very similar to previous calculations in Section 12.11 As before let 

©(■z) — E^i Cfez'', and let r(z) = J2T=i dkz''. 

(5.12) r(z)= ^ z'"+ip_(Ze(A)*)'"Z-ip_ = ^z™+ip_(Z-i+P_(yl*-l)P_Z-i)"Z-ip_. 

Let bk^ k G \^ be the coefficients of S{z){l — A^Q{z))^^ and dk be the coefficients of T{z). Now 
using the same methods as in Lemma 12.1.41 it is easy to calculate that 

m — 1 

(5.13) b„, = l„, + J2 hi^* ' l)^™-j- 

By the definition of the dj and Elliott's formula. Proposition 12.1.11 one can show, as in the proof 
of Proposition 12 . 1 .21 that 

i-i 

(5.14) dj = Cj + XI Cfc^*dj-fc- 

k=\ 

Finally, using these two formulas and the one relating the Ik and Cfc, one can use a combinatorial 
identity, as in the proof of Proposition 12 . 1 .21 to show that dj = bj. D 
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